In this paper, a semi-analytical approach is proposed to solve natural frequencies and natural modes for circular plates with multiple circular holes by using the indirect formulation in conjunction with degenerate kernels and 
Introduction
Circular plates with multiple circular holes are widely used in engineering structures [1] , e.g. missiles, aircraft, etc., either to reduce the weight of the whole structure or to increase the range of inspection. These holes in the structure usually cause the change of natural frequency as well as the decrease of the corresponding strength. The comprehension of the associated effects is helpful to the work of mechanical design and flight control of the structure. As quoted by Leissa [2] , the free vibrations of circular plates have been of practical and academic interest for at least a century and a half.
Although the results for circular or annular plates are available in the literature [1, 2, 3, 4, 5, 6, 7, 8] ; however, all of these publications except [1, 6, 8] are confined to plates with concentric hole. Although a large amount of papers on the circular membrane vibration with circular holes were published [9] , very a few papers on the free vibration of plate with several holes can be found. Vibration analysis of annular-like plates were solved by using FEM [1, 8] to study the effect of eccentricity more than 1500 elements [8] are required. To propose a semi-analytical approach for solving the circular plate with circular holes is not trivial and is the main goal of this research.
In the past, some analytical solutions [3] for natural frequencies of the circular or annular plates were obtained. [4] obtained analytical solutions by implementing the same procedure as [3] in the Maple V system and pointed out some inaccurate results in [2] .
Regarding to the circular plate with multiple holes, the analytical solution of the natural frequencies and the corresponding mode shapes have not so far been solved due to the fourth-order partial differential equation and complex geometry configurations.
In the other hand, diverse numerical methods were resorted to the solution of plate problems, which include finite difference method (FDM), finite element method (FEM) and boundary element method (BEM). BEM has some advantages in comparison with domain discretization methods (FEM, FDM). The main gain is that the boundary element method reduces the dimension of the original problem by one, thus, the number of the introduced unknowns is much less than that of the traditional domain type methods. In addition, the domain mesh generation is not required, which is generally the most difficult and time consuming task. For the BEM applications to plate problems, readers may consult with the review article [10] . It is noted that improper integrals on the boundary should be handled particularly when the BEM is used. In the past, many researchers proposed several regularization techniques to deal with the singularity and hypersingularity. To determine the Cauchy principal value (CPV) and the Hadamard principal value (HPV) in the singular and hypersingular integrals is a critical issue in BEM/BIEM [11, 12] . For the plate problem, it is more difficult to calculate the principle values since the kernels are involved with transcendental complex functions. Based on direct boundary integral formulation, Chen et al. [6, 13] The purpose of this paper is to propose a semi-analytical approach to solve the natural frequencies and natural modes of circular plate with multiple circular holes by using the indirect boundary integral formulation in conjunction with degenerate kernels and Fourier series.
The indirect formulation by choosing the single-layer and double-layer potential is proposed and the fictitious density distribution on the boundary is represented by using Fourier series in the adaptive coordinate system. A linear algebraic system is constructed by uniformly locating the collocation points on the boundary. By matching the boundary conditions, the determinant of the matrix must be zero to obtain the nontrivial eigensolution.
The direct searching approach [16] is adopted to determine the natural frequency by using singular value decomposition (SVD). After determining the Fourier coefficients, the corresponding mode shape of the circular plate with multiple circular holes can be obtained by using the indirect boundary integral equations. For the plate problem in the polar coordinate system, the slope (bending angle), moment and effective shear force in the normal and tangential directions for the non-concentric domain must be determined with care. Therefore, the technique of vector and tensor transformation is adopted to deal with the problem for the non-concentric plate. Finally, The
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第十四屆中華民國振動與噪音工程學術研討會 宜蘭 中華民國九十五年六月十日 analysis result of the annular plate, as our special case, is compared with the analytical solution [2, 3, 4] to verify the validity of the present method. The results of the circular plate with eccentric circular hole and multiple circular holes are compared with those of Khurasia and Rawtani [1] and FEM using ABAQUS to demonstrate the generality of the proposed method.
Problem statement and indirect boundary integral formulation

Problem statement of plate eigenproblem
The governing equation for the free flexural vibration of a uniform thin plate with randomly distributed circular holes as shown in Figure 1 is written as follows:
where u is the lateral displacement, , 
Indirect boundary integral formulation
The kernel function is the fundamental solution which satisfies
where is the biharmonic operator, 
where ( ) 
to the kernel ( ) (5), (6) and (7) to Eq.(4) with respect to the field point. Then, the indirect boundary integral representations of the displacement, slop, moment and effect shear force are expressed as follows:
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For the clamped case, the lateral displacement and the slope ( ) u x ( ) θ x on the boundary are specified to zero. For the free case, the normal moment and effective shear force
on the boundary are set to zero.
Degenerate kernels and Fourier series for the fictitious boundary densities
In the polar coordinate, the field point and source point can be expressed as ( φ ρ , ) and ( θ R, ), respectively.
By employing the separation technique for the source and field points, the kernel function is expanded in the series form as follows: (14) and (15).
Adaptive observer system and transformation of tensor components
Adaptive observer system
Consider a plate problem with circular boundaries as shown in Figure 1 . Since the indirect boundary integral equations are frame indifferent (i.e. rule of objectivity), the origin of the observer system can be adaptively located on the center of the corresponding boundary contour under integration. Adaptive observer system is chosen to fully employ the circular property by expanding the kernels into degenerate forms. Figure 2 shows the boundary integration for the circular boundaries in the adaptive observer system. The dummy variable in the circular contour integration is the angle (θ) instead of radial coordinate (R). By using the adaptive system, all the boundary integrals can be determined analytically free of principal value senses.
Transformation of tensor components
Since the calculation of the slope, moment and effective shear force are involved in the plate problem, potential gradient or higher-order gradient is required to calculate carefully. For the non-concentric case, special treatment for the potential gradient should be taken care as the source and field points locate on different circular boundaries. As shown in Figure 3 
The three operators in Eqs. (5)- (7) can be transformed as follows: (7). Considering non-concentric cases, the degenerate kernels, , 
Linear algebraic system
Consider the plate problem with circular domain containing H randomly distributed circular holes centered at the position vector c j ( 
The main gain by using degenerate kernel is that singular integrals can be easily determined. The selection of interior or exterior degenerate kernel depends on or R R ρ ρ < > , respectively, according to the observer system. For the integral of circular boundary, the degenerate kernels of , (14) and (15) 
where L denotes the number of circular boundaries (including inner and outer circular boundaries). For brevity, a unified form [ ] ( and C-82 
where k φ and k ρ ( ) are the kth collocation angle and radius of the collocation point on each boundary in the observer system and the element of the sub-matrices are defined as follows:
( , ) ( , ; , )cos( )( ) 
where the interior degenerate kernels are used for 
Numerical results and discussions
Case1: A circular plate with an eccentric hole [1] A circular plate weakened by an eccentric hole is 
